Abstract
Introduction
Matching of two images is one of the all pervading problems in computer vision. It is a key step in 2D and 3D object recognition from 2D and 3D image description. It is fundamental to image fusion, registration and many other problems. In essence, the matching problem involves a collection of object primitives or features extracted from the images, such as edges, boundaries, special structures and junctions. Boundaries are the most frequently used features for matching because they represent much of the intrinsic structures of an image. [16] . A reliable representation of curves, suitable for matching, should be invariant to rotation, scaling, and translation to make recognition of the curve possible after arbitrary instances of those transformations.
Medioni and Nevatia [17] cast the problem of shape matching as a line segment matching problem. An object contour is obtained by some edge detection method from which features such as the length of a segment, coordinates of the end points, orientation and average contrast are computed. The sum of the weighted absolute differences of the feature values between a model and a scene segment is the shape measure between the two segments. This measure indicates the goodness of match between the two segments. A stochastic labeling scheme is then used to label each model segment either as one of the scene segments. Since the method uses relaxation labeling, it is computationally intensive. A good estimate of the initial assignment of the labels is important relative to the convergence of the algorithm and the validity of the result. Enhancements to improve the performance to relaxation labeling can be found in [18] and [19] . The technique is sensitive to scale variation because the feature value, such as the length of a line segment, used in this technique is inherently scale dependent.
Other approaches use critical points [5] and landmarks [10] to represent objects. The landmarks of an object are points of interest relative to the object that have important shape attributes, such as corners, holes, protrusions and high curvature points. A landmark detector detects and orders the landmarks in sequence that corresponds to consecutive points along the object boundary. A measure of similarity of between two landmarks, one from the model and the other from the scene, is needed to perform this matching. The merit of landmark-based shape recognition is that the extraction of the entire object contour is not required to achieve recognition and consequently it considerably saves computation time. However not all objects have salient key points (think of a circle for example) and using the key points alone sacrifices the shape information available in the smoother portions of the object contours.
Another class of methods try to find hierarchical straight line or angle approximations to curve, including strip tree [6] , arc tree [13] [12] and HAL tree [3] , etc. The strip tree scheme splits recursively a curve segment into two sub-curve segments at the curve point that has the maximum approximation error from the approximated line segment for the curve segment. A rectangle, which contains all of the points on a segment, is used to represent the segment. The algorithm stops when every point on the curve is within some threshold distance from the line segment. However, this method is not robust enough and the representation can change greatly due to a small change in the curve. Moreover, if the curve is closed, an arbitrary choice of end points must be made which will certainly affect the representation.
We propose in this paper a new technique that uses Connected Equi-Length Line Segment (CELLS) as a model for curve representation and matching to overcome the disadvantages of the existing methods. Our technique was originally motivated for applications in the domain of aerial images, but the method is of general utility. The idea of breaking a curve into several line segments to represent it is not new, and several traditional methods, such as chain code and polygonal approximation, involve this concept. However, these techniques are sensitive to scale variation because the features, such as the length of a line segment, used in these techniques is inherently scale dependent. The CELLS method adopts a new idea to overcome this shortcoming. Furthermore, piecewise linear approximation contains as much as information of a curve as possible. As the number of the line segments increases, detailed portions of the curve, such as the dominate points and the smoothing parts, can be described arbitrarily accurate. A group of line segments is a very good descriptor to represent the features of the curve and is suitable for matching.
Our primary contribution is to represent a curve by a number of orientated line segments of equal length. Each line segment has a head and tail, pointing from the head to tail. Each line segment is attached with an identification vector, which reflects the distribution of the rest of line segments with respect to the current one using orientation difference. A new matrix called Orientation Difference Matrix (ODM) is constructed from the identification vectors. We develop a difference measure that measures the distances between ODMs to estimate if the two curves are well matched. For a group of curves in the model and scene, the number of line segments is the same to guarantee the representation is scale invariant. An area criterion is applied to determine this number. The area criterion ensures the unique representation of each curve in the scene has the unique representation as well as the reduction of the computational complexity. The most attractive property of the CELLS method is that it easily obtains a representation that is inherently invariant to rotation, scaling and translation. It is robust and small perturbation will not affect the representation. The matching of structures consisting multiple interwoven curves is also considered in this paper. The structure matching is based on CELLS. The junctions on the structure, including tri-junctions and quad-junctions, are identified first. We model each arch on the structure using CELLS. The structure matching is converted into a problem of junction matching. We compare two junctions by measuring the difference of each group of arches linking the same junction. As the proposed method is named CELLS, we term each line segment as a cell. A cell sequence is generated when we use CELLS to represent a curve. This paper is organized as follows. In Section 2, we describe in detail the novel CELLS method, and study its computational complexity. We analyze some properties of the proposed method, such as invariances and uniqueness in Section 3. The problem of structure matching is addressed in Section 4. The task of registration of SAR images to maps is discussed in Section 5, and the experimental results will also be presented there.
Connected Equi-Length Line Segment (CELLS)

Modeling a curve by a cell sequence
In order to model a curve into a cell sequence, we need to determine the location of the first cell, the length of each cell and the process of cell sequence generation. A path length variable along the curve is considered and the curve is expressed in terms of two functions and 
• Open curves
For an open curve as shown in Figure 1 (a), the point P has the longest distance to the line segment between two end points A and B. The projection of point P on AB is point D, and we choose the end point that is closer to point D. In Figure 1 (a), point A is regarded as the head of the first cell. In fact, there might be a set of points that have the same distance
and a set of projection points . The head of the first cell is the one that has the shortest distance to one of points in the set of projection points. is the longest distance to PB . As
, we select point A as the head.
• Closed curves It is slightly more complicated to deal with a closed curve. The distance between each pair of points on the curve is calculated first. The line segment AB that has the maximum distance is obtained. Then the process of finding the head of the first cell is the same as that of an open curve. But a special situation may occur as illustrated in Figure 2 , that is, more than one line segment has the same maximum length. In Figure 2 , the length of line segment AB is equal to that of
and only consider AB . Therefore, point A is the head.
2) Length of a cell
The exact length of a curve is difficult to determine, but the proposed method can approximate the curve at arbitrary accuracy. The idea is to approximate the curve by accumulating the length of line segments obtained by finding the bounding box of the curve.
We first find the bounding box of the curve, and the distance is the length of the longer one of the two sides. The procedure is to draw a circle centered at with the radii being . Each time we determine the next intersection point, the processed part of the curve is ignored. The above process is iterated until we get the intersection point T . At this time, does not reach the end of the curve since the distance is smaller than the length of curve. In fact, the goal of the above process is to roughly estimate the length of the curve and it still needs to be refined. The refining process is to ignore the processed part of the curve before and regard the remaining curve,
, as a complete one and do the same as above. That is, find the bounding box of the remaining curve and get the distance , and then draw circles starting from the center at with the radii 
3) Generation of a cell sequence The cell generation process is similar to the process of obtaining cell length. It starts with drawing a circle centered at with the radii being . The first intersection point of the curve and the circle along the curve trace, , is regarded as the tail of the first cell, and at the same time it is the head of the second cell. Draw another circle centered at with the same radii. The process is iterated until the cell . Figure 3 shows examples of the cell sequence. Those heads and tails need not, and typically will not, correspond to dominant points on the curves, such as the maximum of curvature or inflection points [1] . We can obtain as good an n , ,L 2 , Definition 2. The Orientation Difference Matrix, denoted as A , of a cell sequence is approximation to the underlying continuous shape as desired by picking to be sufficiently large. 
Matching method
After obtaining the cell sequences for curves, we want to find good matches between different cell sequences to estimate the similarity of curves. An identification vector, which is attached to each cell, is defined for this purpose. The identification vectors are the set of vectors originating from a cell with regard to all other cells on a cell sequence and express the entire shape relative to the reference cell. We then construct a matrix Orientation Difference Matrix (ODM) from these identification vectors. , and 3)
3) Difference Measure For the two curves both of which are approximated by cell sequences, the difference measure for the two curves is:
where
. where , where n is the number of cells on a curve.
Determination of segment number
To guarantee the uniqueness of representing curves by CELLS, we introduce an area threshold. The boundaries in the scene need be matched against those in the model. Before matching, we manually set a value ε as the area threshold. For a curve, we introduce the concept of the area unit. Figure 4 illustrates the cell sequence of a curve with the area units. The area unit refers to the error between a cell and its corresponding curve part. We propose an area criterion to determine the segment number. Obviously, the vector is a rich and exact descriptor for cell to reflect its position on the entire curve.
The Orientation Difference Matrix of a cell sequence comes directly from the identification vectors.
Definition 3. Area Criterion: A curve can be divided into
. For all the curves from the model and scene, only one segment number is chosen. This number is decided by considering all the curves from the scene. The number is the one that enables all the curves from the scene to satisfy the area criterion and at the same time it is the minimum one among all the numbers that satisfy this criterion. 
Invariances and Uniqueness
An ideal curve representation and matching approach should be 1) unique to each different curve, 2) invariant to translation, rotation and scaling, and 3) robust, that is, the amount of change in the representation can correspond to the amount of change made to the curve, and 4) computationally efficient. We now evaluate CELLS against these criteria by giving some proofs and explanations.
The area criterion ensures that each curve in the scene has the unique representation. We have proved the uniqueness of CELLS theoretically in Appendix A.
The end points of the segments are exactly on the curve and the representation is intrinsically translation-invariant. Appendix B gives the proof. The scale invariance is proved in Appendix C and it is achieved for the reason that both of the curves are segmented into n equi-length line segments, which are uniformly distributed on the curve. The scale variance will not affect the relative locations of those cut points, and accordingly will not affect the representation of the curves. The matching descriptor is defined by the orientation differences between each couple of segments, which eliminate the variation due to the rotation of the curve. Proof is given in Appendix D.
The CELLS method is rich in curve representation and is inherently insensitive to small perturbations of part of the curve. We evaluate its robustness to small transformations experimentally in section 5.
4.Structure Matching
The matching of structures consisting multiple interwoven curves is also considered in this paper. We have successfully extended CELLS to the problem of matching road networks on SAR images. The junctions on the structure, including tri-junctions and quad-junctions, are identified first. Each arch is modeled using CELLS. We compare the differences between two groups of arches linking the two junctions respectively.
Junction detection
We use the method proposed by Parida [20] to detect junctions on a structure, including tri-junctions and quad-junctions. The author used a template deformation framework to develop a junction detector. The approach is to use a combination of the two paradigms: grouping of edges (via Dynamic Programming) and fitting templates. Figure 5 shows the two junctions found by this method. Although finding junctions is not our focus, a good method for junction detection will enhance the process of structure matching. The junctions extracted from the images are grouped as T and 
Modeling arches using CELLS
After successfully detecting the junctions and their arches from the images, we model each arch into a cell sequence for further structure matching. It should be noted that for the arches on the structures, the head of first cell on each arch is not determined by the method we mentioned in Section 2, but is determined by the junction the arch links. The head is the point where the junction is located. It is possible that one arch link two junctions and for each junction, this arch is regarded as one of its private arches and modeled by CELLS. The experiments show that it will not cause errors for matching.
Matching junctions
In our framework, the structure matching problem is converted into the problem of junction matching.
Tri-junctions and quad-junctions are two major types of junctions we consider in structures. The tri-junctions in the scene will be matched to the tri-junctions in the model and the quad-junctions in the scene will be matched to the quad-junctions in the model. 
where is the difference measure between two curves ) , ( Q P C P and Q . Likewise, for two quad-junctions, one from the scene denoted by and the other from the model denoted by , the difference between them is obtained as follows:
For two structures extracted from the scene and model respectively, if all the junctions on one of the structures are matched to those on the other, we can conclude that these two structures are matched.
Applications and Experimental Results
We applied the CELLS method discussed in the previous sections to the SAR registration problem. It was to register a SAR image of an area to a map. Such features as rivers, shorelines, islands and roads, were extracted from the SAR image before they could be matched against the corresponding areas in the map. The purpose of this experiment is to demonstrate that the proposed method is successful in finding and matching shapes that have basically the same features.
Curve matching problem
We assume that the salient curves in the SAR images have already been extracted by some means and that a digital map is available, covering the area depicted in the SAR image. Our purpose is to identify on the map where exactly the area depicted by the SAR image is. For this purpose, we choose to match the curves of the image and map. Figure 6 illustrates the SAR image and boundaries extracted from it. The map to which the SAR image was to be registered is shown in Figure 7 .
We use the above SAR image as the scene from which we extracted three major contours.
The map is used as a model and another three contours were extracted. Figure 8 and Figure 9 show how we use CELLS to represent these contours. Here the area threshold ε is 30 and the number of cells is 12. We enlarge some of the contours to obtain a better view. It will not change the ODM of contours. We calculate the difference for each pair of contours, as shown in Table 1 . n According to equation (6), a smaller difference between a pair of contours indicates a better match. From Table 1 , we see that the lake from the scene has the minimum difference with the lake from the model, and therefore it is a good match. Likewise, island 1 and island 2 in the scene match island 1 and island 2 in the model respectively.
The map to which the SAR image was to be registered is shown in Figure 10 . The transformation between the SAR image and the map is a general affine transformation. The goodness of match between the SAR image and the map indicates that a small number of contours matched correctly can give a good estimate for the transformation parameters. Figure 11 shows the road structures extracted from some SAR image and map. We have detected two tri-junctions on each structure. The arches are represented by CELLS with 17 = δ and 8 = n . Table 2 shows the result of arch matching. The result of junction matching is shown in Table 3 . The structures are matched correctly using the proposed method.
Structure matching problem
In the above example, only complete curves and structures were chosen for matching purpose. The reason is that it is preferable to use complete information when available. A potential problem with the matching algorithm as described in Section 2 when matching incomplete curves is that the complete curve is less likely to match correctly with an incomplete curve (the latter is part of the former). The algorithm segments both of the curves into an n-length cell sequences and the ODM represents relative position of each cell with reference to others. Only the complete curve is suitable for finding the correct match. Usually in a SAR image or a map, it is not easy to find a complete open curve since the image shows part of a place. We have discussed in this paper the problem of curve and structure matching and have proposed a new curve model CELLS that is capable of representing and matching planar curves. The core idea of the CELLS method is to represent a curve by a sequence of n connected equi-length line segments and to identify each line segment with an identification vector for matching. A new matrix called Orientation Difference Matrix (ODM) has been constructed from the identification vectors. This matrix indicates the relative position of each cell with reference to other cells on the cell sequence by using orientation difference between cells. The CELLS method obtains a representation of the curve that is invariant under translation, rotation, uniform scaling and some small deformations. We extend CELLS to the problem of structure matching consisting of two steps: junction detection and arch modeling using CELLS. The proposed approach can be feasibly used for obtaining a registration of the SAR image to the map, which is a crucial step for using them together in many applications. The experiment results show that CELLS can robustly and quickly find the correct match between complete curves and structures extracted from the SAR image and the map. However, based on the fact that incomplete curve or structures might cause an error for matching, there seems to be room for further research. In future work, the present approach could be enhanced by using a more sophisticated technique to deal with incomplete curves as well as complete ones. , the task will be done. 
Conclusions
and ) , for . We neglect the elements in the lower left triangle of the matrix because according to Equation (5), it satisfies the conditions that 1)
X axis to the cells on two curves. After normalization of the cell sequences, the following expressions are tenable 1) , and 2)
. As , we obtain , and consequently
, . It means that with respect to the first cells of the cell sequences, all of the other corresponding pair of cells have the same position relative to the first one. Therefore, by contra proposition, two cell sequences have no difference in shape, that is, CS . It has been proved that different cell sequences have different ODMs. 
, we use the CELLS method to model it and obtain a cell sequence
, is invariant to translation.
Proof: Let us first consider the task to shift a curve, with cell sequence and
, to a new location by using displacement ( ) 
